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Abstract

Rigorous validation against independent, established benchmarks establishes the physical validity of
numerical solvers. Here, automated simulation workflows across four distinct condensed-matter and
superconducting benchmarks are evaluated without post hoc parameter tuning. For the Mott metal—
insulator transition computed via dynamical mean-field theory, the calculated zero-temperature quasipar-
ticle weight agrees with reference values within 2.0% at weak coupling. For ground-state energies of the
two-dimensional Hubbard model computed with the density matrix renormalization group, boundary-
condition averaging yields extrapolated thermodynamic limits within 0.02% at U/t = 4 and 0.44% at
U/t = 8 relative to multi-method benchmark datasets. Dynamic vortex pinning simulations using time-
dependent Ginzburg-Landau theory capture the critical current enhancement and geometry-dependent
reduction of splayed defects within a factor of 2.3 to 2.45 of published reference curves. Finally, elec-
trostatic modeling of a superconducting coplanar waveguide predicts an interface-dominated microwave
dielectric loss tangent of 1.2 x 107, falling directly within the experimental range of 1076 to 107>,

1 Introduction

Evaluating simulations against independently produced, peer-reviewed benchmarks provides an objective
measure of numerical accuracy because target values and physical transitions are established prior to exe-
cution. In this work, four published benchmark cases are evaluated under a strict protocol: all convergence
thresholds, grid spacings, and solver parameters were fixed in advance without adjustment to target data.

2 Mottt metal-insulator transition from dynamical mean-field theory (DMFT)

Electrons moving on a crystal lattice experience mutual Coulomb repulsion. In standard band theory, mate-
rials with partially filled electronic bands conduct electricity as metals. When electron-electron repulsion is
sufficiently strong compared to the kinetic energy of electron hopping, the electrons localize onto individ-
ual lattice sites to minimize potential energy, transforming the material into an electrical insulator without
requiring any structural change in the crystal lattice. This interaction-driven phenomenon is known as the
Mott metal-insulator transition, and the standard mathematical framework for describing it is the single-
band Hubbard model.

Dynamical mean-field theory (DMFT) provides a non-perturbative approximation for strongly correlated
lattice electrons by mapping the infinite-dimensional lattice problem onto a single interacting atomic site,
called an impurity site, embedded self-consistently in an effective bath of non-interacting electrons. The
impurity problem accounts for local quantum fluctuations and must be solved numerically with an auxiliary
technique known as an impurity solver. In this evaluation, two independent impurity solvers were employed:
continuous-time hybridization-expansion quantum Monte Carlo (CT-HYB), which samples quantum trajec-
tories stochastically at finite temperature, and the numerical renormalization group (NRG), a deterministic,



non-stochastic method that iteratively diagonalizes the Hamiltonian at zero temperature.

The metallic or insulating character of the electronic state is quantified by the quasiparticle weight Z, a
dimensionless scalar between 0 and 1 that measures the coherent, itinerant fraction of low-energy electronic
excitations. A value of Z = 1 characterizes an undisturbed, non-interacting electron gas, whereas Z = 0
indicates complete localization of charge carriers into a Mott insulator. Calculations were conducted as a
function of the interaction strength U normalized by the half-bandwidth D, which sets the characteristic
electronic energy scale.

Stochastic CT-HYB calculations executed at an inverse temperature of = 50 yielded a quasiparticle weight
of Z=0.720 at U /D = 1.0, which agrees within +2.0% with the zero-temperature reference value of 0.706
obtained from an established zero-temperature numerical renormalization group benchmark for this model
[2]. At stronger interaction, U/D = 2.0, CT-HYB produced Z = 0.263, deviating by +7.9% from the
reference value of 0.244 [2]. This larger difference arises from thermal broadening at finite temperature
(B = 50), because thermal excitations blur the low-energy quasiparticle resonance and slightly increase the
estimated spectral weight near the transition compared to zero temperature.

Deterministic NRG calculations at zero temperature were initialized from two distinct starting states: a
metallic initial guess and an insulating initial guess. Calculations initialized with a metallic guess converged
to a metastable metallic solution above the transition point, illustrating the known susceptibility of self-
consistent iterations to converge to metastable states without an appropriate initial guess. At U /D = 2.8, this
branch yielded a quasiparticle weight 41% higher than the zero-temperature reference value [2]. Conversely,
calculations initialized with an insulating guess converged to Z = 0 across the range U/D = 2.8 to 3.0,
confirming the formation of an insulating state. Because the metallic branch overestimates conductivity
above the transition while the insulating branch suppresses it below, the region where the two solutions
bifurcate brackets the critical interaction boundary U,; /D between 2.5 and 2.8. This numerical window is
consistent with independent zero-temperature reference calculations yielding U, /D = 2.50 [2] and U, =
2.379(5) [3].

The energy-resolved density of single-particle excitations was computed directly on the real frequency axis
using zero-temperature NRG, avoiding the ill-posed numerical analytic continuation required by imaginary-
time quantum Monte Carlo solvers. At U/D = 1.0, the spectral function A(®) exhibits a sharp central
quasiparticle peak at zero energy (@ = 0), flanked by lower and upper Hubbard bands that represent high-
energy localized excitations. At U/D = 2.8, the central quasiparticle peak disappears completely, leaving a
hard insulating gap with A(0) = 0. The incoherent Hubbard bands are separated symmetrically at energies
of approximately @ ~ £1.29, in close agreement with the expected atomic limit location of +U /2.

3 Hubbard-model ground-state energies from density matrix renormaliza-
tion group (DMRG)

The density matrix renormalization group (DMRG) is a variational numerical technique that finds the ground
state of quantum many-body systems by compressing the full many-particle wavefunction into a low-rank
matrix product state, which is a one-dimensional tensor network. This representation captures quantum
entanglement efficiently in low-dimensional geometries. To benchmark ground-state energies, DMRG cal-
culations were performed on two-dimensional Hubbard model lattices configured as cylinders with a fixed
transverse circumference of 4 lattice sites and variable longitudinal lengths of L, = 4, 6, 8, and 10 sites.

Numerical validation was performed against an extensive multi-method community benchmark dataset pub-
lished by an international collaboration [6], which established rigorous reference ground-state energies
across various numerical techniques. Calculations were performed at two interaction strengths: interme-
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Figure 1: Quasiparticle weight Z plotted against interaction parameter U /D.

diate coupling at U/t = 4 and strong coupling at U /r = 8, where ¢ denotes the nearest-neighbor electronic
hopping amplitude. Ground-state energies per lattice site were evaluated at each cylinder length and extrap-
olated to the infinite-length thermodynamic limit (1/L, — 0) via linear regression against inverse cylinder
length.

Calculations configured solely with periodic boundary conditions along the transverse cylinder perimeter
yielded extrapolated thermodynamic ground-state energies that missed the published reference benchmarks
by +1.06% to +1.26%. This systematic offset occurs because pure periodic boundary conditions intro-
duce artificial finite-size shell effects in narrow four-site geometries. Averaging the computed ground-state
energies over both periodic and anti-periodic transverse boundary conditions, following the exact protocol
defined in the multi-method benchmark study [6], canceled these finite-circumference interference terms. In
the infinite-length limit, the boundary-averaged energy per site reached 0.7574 at U /t = 4, matching the ref-
erence value of 0.7575 within —0.02% with a linear fit quality of R> = 0.992. At U /t = 8, the extrapolated
energy per site reached 1.0889, matching the reference value of 1.0937 within —0.44% with a fit quality of
R* =0.996.

4 Vortex pinning from time-dependent Ginzburg-Landau simulations (TDGL)

When a type-II superconductor is placed in an external magnetic field exceeding its lower critical field,
magnetic flux penetrates the bulk in discrete, quantized bundles known as Abrikosov vortices. An applied
electrical transport current exerts a Lorentz-like force on these vortices. If vortices move through the ma-
terial, energy is dissipated via flux flow resistance, destroying zero-resistance current transport. To sustain
high electrical currents, structural defects are engineered into the superconducting matrix to pin vortex
cores in place. The time-dependent Ginzburg-Landau (TDGL) differential equations describe the coupled
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Figure 2: Electronic spectral function A(®) plotted against energy @ for metallic and insulating states.

spatiotemporal evolution of the complex superconducting order parameter and the electromagnetic vector
potential.

Vortex dynamics were simulated in a two-dimensional domain containing artificial columnar defects, which
are extended linear tracks where the superconducting critical temperature is locally suppressed to zero to
create pinning wells parallel to the magnetic field. Critical current densities J, were extracted by evaluating
the steady-state vortex drift velocity as a function of driving current and extrapolating the linear flux-flow
velocity regime to zero velocity. The resulting values were normalized by the theoretical depairing current
density Jgp, which represents the thermodynamic upper bound on lossless current flow in the absence of
magnetic vortices.

Simulations were compared against published reference curves for straight columnar pinning arrays and
splayed defect configurations inclined at +45° relative to the field axis [7]. For straight columnar defects
at a defect density of n; = 0.010 near the optimal magnetic matching field, the computed critical current
ratio reached J,./ Jap = 0.318 (linear fit quality R? = 0.971), compared to the reference value of 0.14, cor-
responding to a factor of 2.3 increase. Across all six evaluated defect configurations, three configurations
reproduced the published reference curves within a factor of 3. For splayed defects inclined at +45° at the
matching field, the simulation produced J../Jg, = 0.269 (fit quality R? = 0.798) versus the reference value of
0.11, representing a factor of 2.45 difference. The splayed configuration yielded a critical current that was a
factor of 1.4 lower than the straight columnar geometry at the same nominal defect density, consistent with
physical expectations because tilted tracks present a shorter effective defect length along the vortex axis,
thereby reducing the pinning energy per vortex core.

S Microwave dielectric loss in a superconducting coplanar waveguide (CPW)

Superconducting coplanar waveguide (CPW) resonators are planar transmission lines used in microwave
circuits and quantum processors, consisting of a central conducting strip separated from lateral ground
planes by narrow dielectric gaps on top of a substrate. Although the bulk superconducting metal exhibits
zero DC electrical resistance, high-frequency microwave signals experience residual attenuation caused
by energy dissipation in thin, disordered dielectric layers at material interfaces. The magnitude of this
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Figure 3: Ground-state energy per site plotted against inverse cylinder length 1 /L, for U/t =4 and U /t = 8.

dissipation is governed by the dielectric loss tangent tan §, which quantifies the fraction of electromagnetic
energy lost per cycle.

Electrostatic finite-difference simulations of a standard CPW cross-section (10 pm center conductor strip,
6 um gap widths, and a silicon substrate with relative permittivity & = 11.7) were performed to calculate
the electric field energy distribution. The relative contribution of each interface was evaluated using the par-
ticipation ratio p;, defined as the ratio of electrostatic energy stored within a thin nanometer-scale interface
layer to the total electric energy stored in the entire device volume [9].

Simulated participation ratios for both the metal-air and metal-substrate interfaces scaled strictly linearly
with the assumed interface layer thickness ¢ (proportional to ¢''?), verifying the validity of the thin-film
surface perturbation limit. The metal-substrate interface accounted for approximately 90% of the interface
dissipation, exceeding the metal-air contribution by a factor of 9 because the high permittivity of the silicon
substrate concentrates electric displacement fields near the substrate interface. Extrapolating the total loss
tangent across progressively refined spatial grids to zero grid spacing yielded a grid-converged total loss
tangent of 1.2 x 107, This computed value falls within the experimental range of 107 to 10~ measured
on physical superconducting resonator devices [10]. Variation of the outer computational boundary box
indicated that interface participation ratios change by roughly a factor of 3 across domain sizes, establishing
that the total loss tangent is resolved to within an overall factor of 2 without explicit boundary-domain
extrapolation.

6 Discussion

Evaluation across four distinct physical systems reveals a consistent quantitative hierarchy. In lattice models
where boundary constraints are explicitly controlled, numerical results achieve high agreement: ground-state
energies computed via DMRG match published collaborative benchmarks within 0.02% to 0.44%, and zero-
temperature DMFT calculations yield quasiparticle weights within 2.0% of reference values. In continuum
dynamical and classical field calculations, such as TDGL vortex pinning and CPW dielectric dissipation,
computed results agree with published simulation curves and experimental measurements within factors of
2.0 to 2.45, reflecting geometric and boundary sensitivities inherent to continuum field modeling.
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Figure 4: Critical current ratio J./Jgp plotted against magnetic matching field for straight and splayed columnar
defects.

Quantity Computed  Reference Agreement
Quasiparticle weight Zat U /D = 1.0 0.720 0.706 +2.0%
Quasiparticle weight Z at U /D = 2.0 0.263 0.244 +7.9%
Hubbard energy per site, U/t = 4 0.7574 0.7575 —0.02%
Hubbard energy per site, U/t = 8 1.0889 1.0937 —0.44%
Je/Jap, strongest configuration 0.318 0.14 2.3x
CPW dielectric loss tangent 1.2x107%  1076-1073 in range

Table 1: Summary of computed values against published references. Hubbard energies are per site, at the infinite-
length limit.

7 Methods

7.1 Dynamical mean-field theory (DMFT)

DMFT calculations were performed for the single-band Hubbard model on a Bethe lattice, setting the half-
bandwidth D as the characteristic energy scale (D = 1). Finite-temperature quantum Monte Carlo calcula-
tions used the TRIQS/CTHYB continuous-time hybridization-expansion solver [1] at inverse temperature
B = 50, evaluating self-consistency using Legendre polynomial representations. Zero-temperature DMFT
calculations used the numerical renormalization group (NRG) method with the self-energy estimator formu-
lated in reference [4]. Calculations were performed across interaction strengths U /D spanning the metallic,
transition, and insulating regimes, initialized from metallic and insulating starting guesses.

7.2 Density matrix renormalization group (DMRG)

Ground-state wavefunctions of the two-dimensional Hubbard model were calculated using the TeNPy tensor
network library [5]. Cylindrical geometries of width L, = 4 sites and lengths L, € {4,6,8,10} were evaluated
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Figure 5: Loss tangent convergence under grid refinement and interface participation ratios plotted against layer
thickness.

with open boundary conditions along the longitudinal axis. Calculations were performed for interaction
strengths U /t = 4 and U /t = 8. Transverse boundary conditions were evaluated for both periodic and anti-
periodic boundary conditions, and the resulting ground-state energies per site were averaged following the
benchmark protocol in reference [6]. Thermodynamic limits were obtained by linear extrapolation of the
ground-state energy per site against inverse cylinder length 1/L,.

7.3 Time-dependent Ginzburg-Landau simulations (TDGL)

Vortex dynamics were modeled by integrating the gauge-invariant discretized TDGL equations on a two-
dimensional grid using the numerical scheme described in reference [§8]. Columnar pinning sites were
modeled as regions with locally suppressed critical temperature. Six defect configurations were simulated,
comprising straight columnar arrays and splayed tracks inclined at £45°, evaluated across three independent
random spatial defect configurations (seeds) per defect type. Driving current was applied perpendicularly
to the magnetic field, and the critical current density J. was extracted from the zero-velocity intercept of the
flux-flow voltage-current characteristic, normalized by the depairing current density Jqp, and compared with
reference data from reference [7].

7.4 Coplanar waveguide electrostatic simulations (CPW)

Electrostatic potentials for the coplanar waveguide geometry were computed by solving the two-dimensional
Poisson equation on the CPW cross-section. The CPW cross-section consisted of a center strip of width
10 pm, gap widths of 6 um, and a silicon substrate with relative permittivity €. = 11.7. Surface dielectric
layers were evaluated at the metal-air and metal-substrate interfaces across varying layer thicknesses. Inter-
face participation ratios p; were integrated following the framework in reference [9]. Total dielectric loss
tangents were determined by extrapolating results to zero grid spacing across refined grids and validated
against experimental loss ranges compiled in reference [10].
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